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The CPT anomaly, which originally was found in perturbation theory for certain four-dimensional
chiral gauge theories, is also present in the exact result for a class of two-dimensional chiral U(1)
gauge theories on a torus. The chiral determinant for periodic fermion elds changes sign under a
CPT transformation of the background gauge eld. Lorentz invariance also has an anomaly, which
allows for the CPT theorem to be circumvented.
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Introduction.— Recently, a CPT anomaly has been
found in certain four-dimensional chiral gauge theories,
with the topology and spin structure of the spacetime
manifold playing a crucial role [1]. The calculation
was done perturbatively and the same type of anomaly
was expected to occur in appropriate higher- and lower-
dimensional chiral gauge theories. Here, we consider the
two-dimensional chiral U(1) gauge theory over the torus,
for which the chiral determinant is known exactly. See
Refs. [2{4] and references therein. The goal of this Let-
ter is to verify that the exact result contains the CPT
anomaly, and perhaps to learn more about the anomaly
itself.
Chiral determinant.— We consider in this Letter
two-dimensional Euclidean chiral U(1) gauge theory, de-
ned over the torus T 2. For simplicity, we take a partic-
ular torus (modulus τ = i), parameterized by the Carte-
sian coordinates xµ 2 [0, L], µ = 1, 2. The theory has
the fermionic action






dx2 ψ σµ(∂µ + iAµ)ψ , (1)
with σ1 = 1 and σ2 = i. The boundary conditions for the
real gauge potential Aµ(x) and the 1-component Weyl
eld ψ(x) are both taken to be periodic,
Aµ(x1 +mL, x2 + nL) = Aµ(x1, x2) ,
ψ(x1 +mL, x2 + nL) = ψ(x1, x2) , (2)
for arbitrary integers m and n. The two-dimensional
gauge potential in the topologically trivial sector can be
decomposed as follows [5]
Aµ(x) = µν δνρ ∂ρφ(x) + 2pihµ/L+ ∂µχ(x) , (3)
with φ(x) and χ(x) real periodic functions and hµ real
constants (the harmonic pieces of the gauge potential).
Here, χ(x) corresponds to the gauge degree of freedom.
Furthermore, the gauge potential Aµ(x) is taken to be
smooth, i.e. without delta-function singularities.
The chiral determinant (the exponential of minus the
eective action) is given by the following functional inte-
gral:




DψD ψ exp (−S[A, ψ, ψ] , (4)
where PP indicates the doubly-periodic boundary condi-
tion (2) on the fermions. This chiral determinant has
been calculated using various regularization methods.
See Refs. [2{4] and references therein. Ref. [4], in particu-
lar, introduces a local counterterm to restore translation
invariance and obtains the following result [6]:


















with, for real variables k1 and k2, the denition [3,4]
ϑ^(k1, k2)  exp
(−pi(k2)2 + ipik1k2
ϑ(k1 + ik2; i)/η(i) , (6)










η(τ)  exp (piiτ/12)
1Y
m=1
(1− exp (2piimτ)) . (7)
The result (5) holds for the chiral determinant of a
single right-handed Weyl fermion of unit charge, cf. Eq.
(1). If the charge is qR1 instead, then the variables hµ,
φ(x), and χ(x) in Eq. (5) each need to be multiplied by a
factor qR1. For a left-handed Weyl fermion of charge qL1,
one also has to take the complex conjugate of the whole
expression (5). For the 345-model (three chiral fermions








The chiral determinant (8) of the 345-model is gauge in-
variant. Indeed, it is straightforward to verify the χ-
independence (using 32 + 42 = 52) and the invariance
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under large gauge transformations hµ ! hµ +nµ, for ar-
bitrary integers nµ [7]. We, rst, focus on this particular
345-model. Other models will be discussed later.
CPT and Lorentz noninvariance.— The question,
now, is how the gauge-invariant chiral determinant (8)
of the 345-model behaves under a CPT transformation
of the gauge eld
Aµ(x) ! −Aµ(−x) . (9)
Using the elementary properties of the theta function [8],
one readily veries that
DPP345[−Aµ(−x)] = −DPP345[Aµ(x)] , (10)
with each of the three chiral fermions contributing a fac-
tor −1 on the right-hand side. Hence, the chiral determi-
nant of the chiral U(1) gauge theory with PP spin struc-
ture over the torus changes under a CPT transformation
(9) of the gauge eld, provided the total number (NF ) of
charged chiral fermions of the theory is odd (e.g. NF =
3 for the 345-model). The result (10) thus provides con-
clusive evidence for a CPT anomaly of the chiral model
considered [9].
The chiral determinant (8) vanishes for Aµ(x) = 0,
due to the zero-modes of the Weyl operator σµ∂µ with
periodic boundary conditions. For gauge elds (3) with
innitesimal harmonic pieces hµ and φ(x) = 0, one then
has






with a nonvanishing complex constant c. (This result fol-
lows immediately from the fact that the function ϑ(z; i)
has a simple zero at z = (1 + i)/2.) Eq. (11) agrees, of
course, with the general result (10).
Given that CPT invariance no longer holds, SO(1, 1)
Lorentz invariance, or rather SO(2) invariance for the
Euclidean theory, is expected to be broken [1,12]. (The
CPT theorem [13] would be inapplicable due to the
Lorentz noninvariance of the theory at the quantum
level.) Consider, for example, a gauge potential ~Aµ(x)
which, up to periodicity, can be nonzero only for jxµ −
L/2j < L/2−0+, and which has innitesimal, but nonva-
nishing, harmonic pieces ~hµ  (2piL)−1
R
d2x ~Aµ(x). In
other words, the gauge potential ~Aµ(x) has local support
and produces small, but nonzero, averages ~hµ. According
to Eq. (11), the chiral determinant is then proportional
to (~h1 + i~h2). But for an SO(2) Lorentz transformation












this holomorphic term (~h1 + i~h2) picks up a phase fac-
tor exp(iα). In short, the Lorentz invariance of these
localized gauge elds ~Aµ(x) is broken through the ~hµ de-
pendence of the chiral determinant (8). (The
R
d2xφ∂2φ
term in Eq. (5) is, of course, Lorentz invariant.) As far
as the gauge potential is concerned, this conguration
~Aµ(x) could also have been embedded in the Euclidean
plane IR2; the Lorentz noninvariance found comes from
the chiral fermions which are sensitive to the topology
of the torus T 2. More physically, the periodic boundary
conditions predispose the chiral fermions to pick out cer-
tain Lorentz noninvariant parts from the local interaction
with the gauge elds.
Discussion.— Up till now, we have focused on the
345-model, which has an odd number of charged chiral
fermions (NF = 3). A chiral model with even NF does
not have the CPT anomaly discussed above, but can still
be Lorentz noninvariant. An example for NF = 10 would
be the 193-model, which has ten chiral fermions with
charges qRi = 1, for i = 1, . . . , 9, and qL10 = 3. For
this model, the chiral determinant (11) becomes
DPP193[h1, h2] = c




which is invariant under the CPT transformation (9), but
changes under the SO(2) Lorentz transformation (12) by
a phase factor exp(i8α). On the other hand, a chiral
model with even NF can also be Lorentz invariant, in
the sense discussed above. An example would be the chi-
ral model with NF = 6 chiral fermions of charges fqRg
= f3, 4, 13g and fqLg = f5, 5, 12g, for which the chiral
determinant is c00 (h21 + h
2
2)
3 to lowest order. (Vector-
like models, which have fqRg = fqLg, are always Lorentz
invariant.) Clearly, a deeper understanding of what dis-
tinguishes these gauge-invariant chiral models is needed.
For the chiral U(1) gauge theory with an odd number
NF of charged chiral fermions dened over the torus, we
have thus seen that the CPT noninvariance of the eec-
tive gauge eld action ΓPP[A] is carried by the harmonic
pieces hµ of the gauge elds Aµ(x). These hµ are directly
related to the local Chern{Simons-like terms encountered
previously [1,12]. Indeed, the Chern{Simons one-form for
an one-dimensional Abelian U(1) gauge eld a(x) is given
by
ωCS[a(x)]  (2pi)−1 a(x) dx . (14)
One possible Chern{Simons-like term is then the average
over the x2-coordinate of 2pii times the genuine Chern{


















dx1A1(x1, x2) = 2piih1 , (15)
where h1 is dened by Eq. (3). The other Chern{Simons-
like term (based on the genuine Chern{Simons term for
the x2-space) equals 2piih2. Hence, Chern{Simons-like
terms play a role for the CPT anomaly in both two and
four dimensions [14]. There is, however, a dierence,
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in that the four-dimensional Chern{Simons-like term di-
rectly aects the gauge eld propagation [1,15].
In closing, we remark that the CPT noninvariance
found here seems to be not directly related to the purely
gravitational anomaly which aicts chiral fermions in
two dimensions (4 k+ 2 dimensions in general) [16]. The
gravitational anomaly of the two-dimensional 345-model,
say, requires deviations from the flat metric, but in our
case the metric is perfectly flat and, still, the eective
gauge eld action is CPT noninvariant. Instead of local
spacetime fluctuations, it is the spacetime topology (and
spin structure) that is relevant to the two-dimensional
CPT anomaly [17]. A forteriori, this is the case for the
CPT anomaly in four dimensions, where purely gravita-
tional anomalies are absent.
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